We study the Yang-Mills flow on a holomorphic vector bundle E over a compact Kähler manifold X. We construct a natural barrier function along the flow, and introduce some techniques to study the blow-up of the curvature along the flow. Making some technical assumptions, we show how our techniques can be used to prove that the curvature of the evolved connection is uniformly bounded away from an analytic subvariety determined by the Harder-Narasimhan-Seshadri filtration of E. We also discuss how our assumptions are related to stability in some simple cases.
Introduction
A current theme in complex differential geometry is the connection between existence of canonical geometric structures and algebraic stability in the sense of geometric invariant theory (GIT). This theme is in part motivated by the famous theorem of DonaldsonUhlenbeck-Yau, which states that the existence of a Hermitian-Einstein connection on an indecomposable holomorphic vector bundle E over a Kähler manifold (X, ω) is equivalent to the stability of E in the sense of Mumford-Takemoto [4, 17] . This theorem was first observed by Narasimhan and Seshadri [14] in the case of complex curves, by Donaldson for algebraic surfaces [4] , and by Uhlenbeck and Yau [17] in arbitrary dimension. A heat flow approach to the existence of Hermitian-Einstein connections, related to the Yang-Mills flow, was introduced by Donaldson in [4] . This approach has been extended to several more general settings [1, 5, 15, 16] .
It is by now well known that the Yang-Mills flow on an irreducible, holomorphic vector bundle E converges to a Hermitian-Einstein connection if and only if E is stable in the sense of Mumford-Takemoto [4, 5, 16] . As a result, it is natural to study the limiting properties of the Yang-Mills flow when E is not stable. When dim C X = 2, this problem was studied extensively by Daskalopoulos and Wentworth [2, 3] . They found that many limiting properties of the Yang-Mills flow are determined by the algebraic structure of E. More precisely, Daskalopoulos and Wentworth show that away from an analytic bubbling set the Yang-Mills flow converges to a Yang-Mills connection on the direct sum of the stable quotients of the graded Harder-Narasimhan-Seshadri filtration [2] . We denote this direct sum of stable quotients by Gr hns (E), and denote the set where Gr hns (E) fails to be free by Z alg . In the later paper [3] , Daskalopoulos and Wentworth show that the analytic bubbling set is precisely equal to Z alg . This provides a remarkable and deep connection between the limiting behaviour of the Yang-Mills flow and the GIT of the bundle E, see for example [6] .
An interesting open problem is to generalize the results of Daskalopoulos-Wentworth in the case when dim C X > 2. When dim C X = 2, the singularities of a torsion-free, coherent sheaf occur at isolated points, and hence one can define a natural notion of algebraic multiplicity attached to the set Z alg . The precise result of [3] is that the mass of a bubble at a point p ∈ X is precisely equal to the algebraic multiplicity at p. The connection between these two quantities is provided by the Riemann-Roch theorem. By contrast, in dimensions greater than 2, the singularities of a torsion-free coherent sheaf over a Kähler manifold X are no longer isolated, and this poses a significant difficulty in generalizing the argument of [3] .
For Kähler manifolds of arbitrary dimension, the second author partially generalized the work of Daskalopoulos and Wentworth, proving the limiting reflexive sheaf along the Yang-Mills flow is in fact isomorphic to Gr hns (E) [10, 11] . Precisely, given a subsequence of times t j along the Yang-Mills flow, following Hong-Tian [8] we define the analytic singular set (or bubbling set) to be:
A large part of Hong and Tian's paper [8] is dedicated to proving certain properties of Z an , however uniqueness and dependence on the choice of subsequence t j is left open. They do show that along such a subsequence the Yang-Mills flow converges smoothly on X\Z an , modulo gauge transformations, to a Yang-Mills connection on a limit bundle E ∞ on X\Z an . In [1] , Bando and Siu prove this bundle extends to all of X as a reflexive sheaf E ∞ , and the second author proves in [11] thatÊ ∞ ∼ = Gr hns (E) * * . Since E ∞ is locally free on X\Z an , the stalk of Gr hns (E) must be free away from Z an . Denote the set where Gr hns (E) fails to be free by Z alg ; we refer to this set as the algebraic singular set. Then a corollary of the main result of [11] is that Z alg ⊆ Z an . It is an interesting open problem to prove that Z an = Z alg , which, in particular, would imply the uniqueness of Z an . In this paper, we provide some partial results towards this goal.
Before stating our main theorem, let us recall some basic definitions. Let E be an indecomposable holomorphic vector bundle over a compact Kähler manifold (X, ω). One can always find a Harder-Narasimhan-Seshadri filtration,
defined to have torsion free, stable quotients Q i = S i /S i−1 . Such a filtration may not be unique, however the direct sum of stable quotients Gr hns (E) := i Q i is uniquely determined by the isomorphism class of E. It follows that the the algebraic singular set of E, given explicitly by
is uniquely determined by the isomorphism class of E. If E is not stable it does not admit a Hermitian-Einstein connection, so we do not expect the Yang-Mills flow to converge smoothly to a limiting Yang-Mills connection. In particular, we expect that bubbles should form in the limit as t → ∞. We now state our main result, which we view as a first step towards proving Z an = Z alg . For simplicity, we only state the theorems for Harder-Narasimhan-Seshadri filtrations of length one, given by 0 ⊂ S ⊂ E, with the general case following by induction. Let γ be the second fundamental form associated to the subsheaf S.
Theorem 1.
Suppose that E is a holomorphic vector bundle with Gr hns (E) = S 1 ⊕ S 2 , where S 1 ⊂ E and S 2 = E/S 1 . Let H(t j ) be any sequence of metrics along the Donaldson heat flow. Assume that the following estimates hold uniformly along the flow
Here, σ is the barrier function constructed in Definition 6. Then the analytic singular set is the same as the algebraic singular set of E:
We make some remarks about our assumptions. First, the polynomial dependence on σ is not important; essentially any estimate in terms of σ would suffice. Secondly, the estimates in condition (B) are clearly stability related. Indeed, when E is stable, so that S 1 = E and S 1 = ∅, then (B) is a consequence of the work of Uhlenbeck-Yau [17] . When S and Q are locally free on all of X, then assumptions (B) and (C) imply condition (A) (see Proposition 7) . We can also show that converse. Namely, if S and Q are locally free, condition (A) implies both (B) and (C) (see Proposition 6), an argument which makes essential use of stability. We expect that the techniques used in the locally free setting can be generalized to the case when S, Q are not locally free, an issue to which we hope to return in the future. We point out that the estimate in (A) seems difficult to access, and so estimates (B) and (C) seem to be the essential missing ingredients. While (B) should follow from stability (we have made some progress showing this), we have been unable to make progress on an a priori estimate for the second fundamental form. Although we are unable to solve the problem in full generality, we consider our results valuable in the techniques employed in their proofs. In particular, we derive estimates using a barrier function σ constructed from an algebraic object on E, namely the determinant bundles of quotients of the Harder-Narasimhan-Seshadri filtration. Moreover, we expect the computations in sections 5 and 6 to be useful in the future. We hope that our techniques will be useful in proving a full generalization of Daskalopoulos and Wentworth's result [3] .
We now outline the main idea in the proof of Theorem 1. Working away from Z alg , we need to bound the evolving curvature along the Yang-Mills flow in L p for any p. Assuming the bound on |γ| 2 , we decompose the curvature onto the stable subsheaf S and stable quotient Q, denoting the induced curvature on those sheaves as F S and F Q . From here we see an L p bound on the induced curvatures F S and F Q , along with an L p bound on the derivative ∇γ, will yield Theorem 1. First, we bound F S and F Q in L p loc (X\Z alg ). In this part of the argument we make use of assumptions (A), (B) and (C), along with a Moser iteration argument using the barrier function σ. Once these bounds are attained, we compute the heat operator on several important terms, deriving an inequality suited for a parabolic Moser iteration argument, which we use to bound ∇γ in C 0 (and as a result L p for any p).
It is in this step we make fundamental use of the stability of S and Q. Once these bounds are attained, we compute the heat operator on several important terms, deriving an inequality suited for a parabolic Moser iteration argument, which we use to bound ∇γ in C 0 (and as a result L p for any p). The case where the Harder-Narasimhan-Seshadri filtration has general length follows by an induction argument similar to the one used in [2] and [11] .
The organization of the paper is as follows. In Section 2 we provide background for the basic objects we will need in the proof. In Section 3 we construct the barrier function σ that is used in the analysis in later sections. The L p bounds away from Z alg for the induced curvature are derived in Section 4. It is in this section where we discuss the relationship between the assumptions (A), (B) and (C). Here we point out the essential use of stability. Finally, in Section 5 we compute the heat operator on several curvature and second fundamental form terms. Those equations are used in Section 6 to apply our parabolic Moser iteration argument, completing the proof of Theorem 1.
Background

The Yang-Mills flow and the Donaldson heat flow
We begin with a brief introduction to the Yang-Mills flow, and highlight the importance of its relation to the Donaldson heat flow.
Let X be a compact Kähler manifold, and assume the Kähler form ω is normalized so X has volume one. The Yang-Mills flow is a flow of connections 
The Yang-Mills functional Y M : A 1,1 −→ R is defined to be the L 2 norm of the curvature: 
From this formulation one can check that if A(0) ∈ A 1,1 , then A(t) is an integrable, unitary connection for all time t ∈ [0, ∞). Now if E is stable, it was first shown by Donaldson in [4] that the Yang-Mills flow converges to a Hermitian-Einstein connection. However, since we are assuming E is not stable, we do not expect the flow to converge to a limiting Hermitian-Enstien connection. In fact, our main object of study is the set of points on the base manifold X where the curvature blows up along the flow. Definition 1. Given a sequence of connections A(t j ) along the Yang-Mills flow, the analytic singular set of E (sometimes called the bubbling set) is defined by:
for some fixed 0 < ε ≤ ε 0 , where ε 0 ≪ 1 depends only on X.
For a precise definition of ε 0 , we direct the reader to the proof of Proposition 6 in [8] . In the Kähler setting, the Yang-Mills flow is closely related to the Donaldson heat flow. In fact, it is through this relationship that many important properties of the Yang-Mills flow were first realized, such as long time existence and convergence. We follow the viewpoint introduced by Donaldson in [4] , and direct the reader to that reference for further detail. Starting with a fixed initial metric H 0 on E, any other metric H is related to H 0 by an endomorphism h = H 
with initial condition h(0) = 1. Here, F is the curvature of the unitary Chern connection of the metric H(t) = H 0 h(t).
A unique smooth solution of the flow exists for all t ∈ [0, ∞), and on any stable bundle this solution will converge to a smooth Hermitian-Einstein metric [4, 5, 15, 16] . In fact, one can use a solution h(t) to (2.4) to construct a solution A(t) to the Yang-Mills flow. Let A 0 be an initial connection in A 1,1 , and consider the one parameter family of holomorphic structures∂ t =∂ + A ′′ t , where A ′′ t is defined by the action of w = h 1/2 on A ′′ 0 . Explicitly, this action is given by:
which is equivalent to:
Using this one-parameter family of holomorphic structures and the metric H 0 , we define a one-parameter family of unitary connections A t , and one can check that A t evolves by the Yang-Mills flow. Conversely, any one-parameter path in A 1,1 along the Yang-Mills flow defines an orbit of the complexified gauge group, which gives rise to a solution of the Donaldson heat flow. The curvature of F along the Donaldson heat flow is related to the curvature F A along the Yang-Mills flow by the following relation:
An important consequence of this relationship is that the norm of the curvature along the Yang Mills flow given by the fixed metric H 0 is equivalent to the norm of the curvature along the Donaldson heat flow given by the evolving metric H. Let (·) † denote the adjoint of an endomorphism with respect to the fixed metric H 0 , and let (·)
* denote the adjoint with respect to the evolving metric H. For any endomorphism M, these two adjoints are related as follows:
We then see:
Thus from the point of view of uniform curvature bounds, it suffices to prove bounds along either the Donaldson heat flow or the Yang-Mills flow, provided we always compute the norm with the right metric. We conclude this section with a simple curvature bound along the Donaldson heat flow.
Lemma 1. Along the Donaldson heat flow, there is a constant C so that |ΛF | H(t) is uniformly bounded.
Proof. We have the following simple computation for the heat operator on |ΛF | 2 H (for details see [9] ):
The lemma follows from the maximum principle.
Quotients, filtrations and stability
In this section we introduce the algebraic singular set, show it is uniquely determined by the isomorphism class of E, and provide a local analytic description. We begin by recalling the definitions of slope and stability. Given a torsion free sheaf E, we can define its first Chern class by c 1 (E) := c 1 (det(E)), since det(E) is always a line bundle. The slope of E is then given by:
We say E is stable if for every torsion free subsheaf F ⊂ E the inequality µ(F ) < µ(E) holds. E is semi-stable if the weak inequality µ(F ) ≤ µ(E) holds.
Next we introduce the Harder-Narasimhan filtration, and recall some of its properties. The following proposition can be found in [12] .
, Theorem (7.15)). Any torsion-free sheaf E carries a unique filtration of subsheaves
called the Harder-Narasimhan filtration of E, such that the quotients Q i = S i /S i−1 are torsion-free and semi-stable. Moreover, the quotients are slope decreasing, satisfying µ(
, and the associated graded object Gr
Q i is uniquely determined by the isomorphism class of E.
We sometimes abbreviate this filtration as the HN filtration. For our purposes having semi-stable quotients is not good enough, and we must take the filtration one step further:
, Theorem (7.18)). Given a semi-stable sheaf Q, there exists a filtration by subsheaves, called the Seshadri filtration:
for all i, and each quotientQ i =S i /S i−1 is torsion-free and stable. Furthermore, the direct sum of the stable quotients, denoted Gr
i , is canonical and uniquely determined by the isomorphism class of Q Combining these two propositions, we can construct the Harder-Narasimhan-Seshadri filtration, by finding a Seshadri filtration for each semi-stable quotient in the HN filtration. We sometimes refer to this double filtration as the HNS filtration. Consider the direct sum of stable quotients:
It is not hard to check that the Harder-Narasimhan-Seshadri filtration can be written as a single filtration of E by torsion-free coherent sheaves:
and in this case, setting
We are now ready for the following definition: Definition 3. The algebraic singular set is defined to be:
hns (E) x is not free}.
We would like to elucidate this definition by providing a useful local description of the algebraic singular set. For the moment, let us focus on the simple case when E has a stable subsheaf S with stable quotient Q, so the HNS filtration of E is given by:
In this case, we have the exact sequence of torsion free, coherent sheaves
and Gr hns (E) = S ⊕ Q. Since S is coherent, over an open set U where S is locally free, the inclusion S ֒→ E is given by a matrix of holomorphic functions B = B α β . Moreover, over a sufficiently small open set U ⊂ X, S has a finite length resolution
Again, where S is locally free, the surjection O 
where now the map O 
Then we have the following equality of sets;
{x ∈ U| ζ x is not free} = {x ∈ U| rank(h(x)) < max y∈U rank(h(y))}. (2.10)
In particular, it follows immediately that Z alg is an analytic subset of X. In our setting, we note that any point where Q x is free, the stalk S x is free as well. In particular, we have, Corollary 1. On a sufficiently small neighborhood, Z alg is given by:
In the general case we obtain a similar description inductively. Recall the filtration (2.7). For each i ≤ p we let B i be inclusion map
Denote Z i the set where Q i fails to be locally free. The set Z p was described in the simple case above. Fix an open set U ⊂ X\Z p . On U, S p−1 is a vector bundle, and hence we get a resolution of Q
We thus obtain a description of the setZ
is precisely the set where Q p ⊕ Q p−1 fails to be locally free. This continues inductively. As an example, we will indicate how to obtain a description of Z alg in the case where the HNS filtration of E has three quotients, 0 ⊂ S 1 ⊂ S 2 ⊂ E. In this case, we have Gr
Using the above argument we obtain an explicit local description of the set
is not free}. Now, consider the exact sequence:
The main difference between this sequence and the sequence (2.8) is that S 2 is not a vector bundle. However, it is a vector bundle over X\Z 2 . Thus, working over this open manifold we can find an explicit local description of
is not free}. Since we clearly have Z alg = Z 1 ∪ Z 2 , we have succeeded in obtaining a local description of Z alg in this case.
The induced geometry of subsheaves and quotients sheaves
In this section we define induced metrics and provide explicit formulas for the induced connections we will need later on. We recall the exact sequence (2.8) and restrict ourselves to the open manifold X\Z alg . Because the sheaves S and Q are locally free here, the metric H 0 on E induces a metric J on S and a metric M on Q. For sections ψ, φ of S, we define the metric J as follows:
φ, ψ J = B(φ), B(ψ) H 0 .
In order to define M on Q, we note that H 0 gives a splitting of (2.8):
Here π is the orthogonal projection from E onto S with respect to the metric H 0 . For sections v, w of Q, we define the metric M by:
Definition 4. On X\Z an the sheaves S i and Q i are holomorphic vector bundles. We define an the induced metric J i on S i , and K i on Q i to be one constructed as above.
Note that on X\Z alg it is equivalent to induce the metric J i−1 on S i−1 by restricting the metric J i induced on S i to the image of S i−1 ⊂ S i . Once we have sequence (2.12), the second fundamental form γ ∈ Γ(X, Λ 0,1 ⊗Hom(Q, S)) is given by:
Of course, by composing with the projection p, we can write the second fundamental form as a homomorphism from S ⊥ to S: γ • p =∂p † • p. As p is holomorphic, and p
By the definition of the induced metric M, working with γ and γ • p are equivalent once we take corresponding norms, so we suppress the map p from our notation.
Suppose now that h(t) is the solution of the Donaldson heat flow on the vector bundle E, and let H(t) = H 0 h(t) denote the metric. Then H(t) induces metrics J(t) on any coherent, torsion-free subsheaf S ⊂ E in the manner described above. If S is locally free on X\Z alg , then we can define a smooth section of Hom(S, S) on X\Z alg by h S (t) := J(0) −1 J(t).
We will denote the h Q (t) the analogously defined homomorphism induced by H(t) on the quotient sheaf Q = E/S.
A barrier function
In this section we construct a natural barrier function which is non-negative, and vanishes precisely on Z alg . As in the previous section, we first assume the HNS filtration of E is given by 0 ⊂ S ⊂ E. The induced metric J on S is a section of the sheaf S * ⊗ S * ; that is
and this section defines a metric on the complement of Z alg . Ideally, we would like to take the function σ to be the norm of the determinant of J regarded as a matrix. However, S need not be a vector bundle, and so the determinant of J as a matrix is not necessarily a globally defined object. We get around this as follows. Working over X\Z alg , the determinant of the matrix J (as given in local coordinates), is a section of the determinant line bundle det(S) * ⊗ det(S) * . Although detJ ∈ Γ(X\Z alg , det(S) * ⊗ det(S) * )) is only defined on X\Z alg , we show it extends by zero to a smooth, global section. We accomplish this by finding a local expression which makes the extension clear. Recall the exact sequence (2.8).
The induced metric J is obtained from the inclusion B : S ֒→ E and the metric H 0 on E.
To begin with, consider the case in which S is locally free. Then, given a local trivialization of S over U, the metric J is given by
From this expression it is clear that det(J) extends smoothly by zero over the set B sing = {x ∈ X|rank(B(x)) < max rank(B)}.
Since S is locally free, we clearly have B sing = Z alg . In the case that S is not locally free, we argue as follows. Observe that we have an inclusion r S → r E, which factors as
The key point is that det(S) is a locally free sheaf of rank one on all of X, in particular, a line bundle. Now, the metric H on E induces a metric J r on det(S), which is a smooth, global section of det(S) * ⊗ det(S) * , clearly extends det(J), and vanishes precisely where the map ψ given by ( r S) * * ψ / / r E fails to have rank 1. We claim that Z = {ψ = 0} = Z alg . We clearly have Z ⊂ Z alg . To see the reverse containment observe that, if ψ(x) = 0, then over an open set U ∋ x where ψ = 0, we have the image of ( r S) * * in r E defines a point in the Grassmanian Gr(n, r), and hence we can pull back the universal r-plane bundle over Gr(n, r) to find a locally free sheafS on X\Z of rank r which agrees with S over X\Z alg . However, since S is reflexive andS is locally free on X\Z, we have that Hom(S,S) and Hom(S, S) are reflexive, and hence normal (see, e.g. [12] , Proposition 5.23 ). Since Z alg \Z has codimension at least 2, it follows immediately thatS = S over X\Z. Since S is locally free over X\Z, it follows that ψ| X\Z = ∧ r B| X\Z , and hence B has full rank on X\Z. But, again using that S is locally free on X\Z, we must have ∧ r B = 0 on Z alg \Z. In particular, we must have Z = Z alg . We have proved the following: Proposition 3. Let ζ be the smooth section of det(S) * ⊗ det(S) * over X\Z alg defined by ζ = det(J). Then ζ extends to a smooth, global section σ of det(S) * ⊗ det(S) * . Moreover, the extension is given explicitly by
In particular, we have the equality of sets {σ = 0} = Z alg .
Of course, this same analysis carries over immediately to the case of the general filtration (2.7). In this case, working on X\Z alg we have
where B i is the map in the sequence (2.11), and T i is the first map in the resolution of S i−1 . We leave the details to the reader. We now define our barrier function on X.
Definition 5. Fix metrics φ i on the line bundles det(S i ) * ⊗ det(S i ) * . We then define
where det(J i ) denotes the smooth section σ i of Proposition 3, and c > 0 is chosen so that max X σ = 1.
The reader can easily verify that again in this case we have the equality of sets {σ = 0} = Z alg .
Along the Donaldson heat flow, H(t) induces metrics on the sheaves in the HarderNarasimhan-Seshadri filtration, and hence we get barrier functions σ(t) in the above way. In order to avoid confusion, we define 
L p estimates for induced curvature
In the previous section we constructed a barrier function σ, which vanishes precisely on Z alg . In this section we use the assumptions (A), (B) and (C) to get L p bounds for |F S | and |F Q | on compact subsets away from Z alg . We will also elucidate the relationship between the assumptions when S and Q are locally free.
To begin, recall how ΛF decomposes on sub bundles and quotient bundles:
Along the Donaldson heat flow the quantity |ΛF (t)| Ht is bounded. Moreover, Λγ ∧ γ † is a positive operator. Thus, we have that
The estimates imply estimates for the normalized endomorphismsh S andh Q defined bỹ
We do note specify the metric in the
. Notice thath S andh Q define the same curvature terms as h S and h Q , and hence it suffices to prove bounds for the normalized endomorphisms. We state the main result of this section here.
Proposition 4. Suppose that (A), (B) and (C) hold along the Donaldson heat flow. Then, for any K ⋐ X\Z alg , there holds
We begin by proving Proposition 5. There exists uniform constants C, γ > 0 such that
uniformly on X × [0, ∞), where σ is the cut-off function of Section 3.
Proof. We use the Moser iteration. Recall the standard equation 
where k is the constant appearing above. Denote K(ǫ) = {σ ≥ ǫ} . Then we have
Integration by parts proves
By our choice of k, for any ǫ ≥ 0 we have
for a uniform constant C, independent of ǫ. Thus,
The Sobolev imbedding theorem, this implies that for any δ > 0 there holds
for β = n/(n − 1) > 1. Fix ǫ > 0, and define δ j = 2 −j ǫ. Then a standard iteration argument proves
In particular, taking p = 2 we have
for some fixed constants γ, C. We claim that this implies that
Suppose that this inequality does not hold. Then there exists a sequence of times t j and points x j so that
and this is a contradiction for j sufficiently large.
At this point we have proven thath S is bounded in C 0 and by assumption (A), we have a gradient estimate for the rescaled endomorphismsh S on any compact subset away from Z alg . We can now easily deduce the L p 2 estimates forh S .
Lemma 2. Let K ⋐ X\Z alg be a compact set. Then for each p there is a constant C(p, K), independent of time, such that
Proof. Note that the estimate in Proposition 5 implies that
Combining this with assumptions (A), (B), (C), we have that ∆ 0h S is uniformly bounded on K. The elliptic theory, combined with the fact that h S L 2 (X,
We now show that, when S and Q are locally free on X, then condition (A) is sufficient to deduce conditions (B) and (C) Proposition 6. Suppose that S and Q are locally free on X, and assume that condition (A) holds. Then there exists a uniform constant C such that
and |γ| 2 ≤ C Proof. Combining assumption (A) with the the C 0 estimate of Proposition 5 we obtain a uniform C 1 (H 0 ) bound. Thus, by the Arzelà-Ascoli theorem there exists a subsequence that converges in C 0 to a limiting map h S ∞ . Recall the result of [8] , which states that along the Yang-Mills flow, one can find a subsequence such that A j −→ A ∞ on X\Z an in C ∞ . The limiting connection is a Hermitian-Yang-Mills connection on a limiting bundle E ∞ defined on X\Z an , and by a result of Bando and Siu from [1] this bundle E ∞ extends to a limiting reflexive sheaf defined on all of X. By applying the convergence results to the subbundle S, it follows that A S j −→ A S ∞ as well, where A S ∞ is a limiting connection on the reflexive sheaf S ∞ . By the work of the first author S ∞ is in fact isomorphic to S * * = S and is stable. As a result S ∞ is a vector bundle.
Our limiting endomorphism h S ∞ is a C 0 limit of a sequence of functions all normalized to have L 2 norm one. Since X is compact, uniform convergence implies convergence in
, and notice it is nonzero as well. As in [11] , we show that in fact w S ∞ is a holomorphic map from S ∞ to S, and because both are stable bundles of the same slope the map must be an isomorphism. Thus w S ∞ does not degenerate at any point in X, and neither does h On compact subsets away from Z an the connection terms A S j converges in C 0 along a subsequence (see [8] ), and we already have uniform convergence of w S j , thus∂w j converges uniformly as well. By working diagonally on an exhaustion ofX := X\Z an by compact sets we can find a subsequence so that∂w j converges uniformly everywhere onX. Thus the following limiting equation is satisfied onX:
We can concluded that on this set the map w S ∞ is a holomorphic section of the bundle Hom(S, S ∞ ). By Proposition 5.21 from [12] , because the set Z an has complex codimension at least two, any section w S ∞ of Hom(S, S ∞ ) defined away from Z an must in fact be holomorphic everywhere. This last fact can be viewed as a type of Riemann extension theorem for sections of vector bundles.
As a result the limiting map w S ∞ is an isomorphism from S to S ∞ and its rank does not drop. Thus the rank of h Next, we show that condition (C) holds, which is the second estimate in the proposition. Consider the standard representation of a connection in terms of the endomorphisms h S :
The expression on the right is independent of normalization, and so it holds with h S replaced byh S . We have already shown thath S > cI, and so it follows immediately that |A S − A S 0 | H 0 is uniformly controlled in time. As a result it is in L 2 , and an identical L 2 bound also follows for
Applying the following inequality from [17] (which holds since S destabilizes E):
we see that the second fundamental form is universally bounded in L 2 along the flow. We now combine these three L 2 bounds as follows. Recall the standard decomposition of the connection A(t) onto S and Q. Since each piece from the decomposition is controlled it follows that |A − A 0 | H 0 is bounded in L 2 as well. Working on the bundle E, we define the quantity
. A standard computation along the Donaldson heat flow (see, for example [13] ) yields
The right hand side is in L 1 , thus we can apply the parabolic Moser in Theorem 3 (see Section 6 below) to bound S in C 0 . As a result the second fundamental form is uniformly bounded and hence (C) holds.
Proposition 7.
Suppose that S and Q are locally free, and that conditions (B) and (C) hold. Then condition (A) holds as well.
Proof. We argue on S, the proof for Q being identical. The C 0 estimate in Proposition 5, combined with an integration by parts on equation (4.16) implies a uniform bound forh S in L 2 1 (X, H 0 ). Combining this with the lower bound from assumption (B), we can apply an argument of Siu [16] together with a blow-up argument of Donaldson [4] to prove (A). We refer the reader to [16] for the details. The assumption (C) is needed to bound |ΛF S |, which is an important part of Siu's argument. Once condition (A) is verified, Proposition 6 implies that (C) holds also. In order to achieve an L p bound on F , it remains to control ∇γ. We accomplish this by applying parabolic Moser iteration to an evolution inequality we derive in the next section.
Computation of the heat operator
We now compute the heat operator on various important terms. First we note that all norms in this section are taken with respect to the corresponding evolving metric. For us this has the following implication. If A is a fixed endomorphism of S, the norm squared is given by |A| 2 = A, A = Tr(AA * ).
As stated the adjoint is taken with respect to the evolving metric H S . In a local frame this adjoint can be written explicitly as (A * ) α β = H αγ A ν γ Hν β . Thus, taking the time derivative we see
We know along the Donaldson heat flow that the term |ΛF | H is controlled uniformly from above, which allows us to conclude
For all other associated bundles in the computations that follow we achieve a similar estimate. Furthermore, when taking the laplacian of a norm, we always use the fact that:
We need to change ∆ to∆, and depending on which bundle we are working on this results in curvature terms. Again if A is an endomorphism of S we have∆A = −[ΛF S , A]. It is important to keep these extra curvature terms in mind, although for us when they show up in an equation they are always absorbed into nearby terms.
We begin by taking the time derivative of the projection π:
Here the second to last equality follows from the fact that the component of ΛF that sends Q to S equals −g jk ∇ j ∇kπ, and the last equality follows since the second fundamental form is given by γk = −∇kπ. This allows us to compute the time derivative of the second fundamental form γ:
Note ∇kγm = ∇mγk, since γ is∂ closed. Because γ is a morphism from Q to S taking the commutator of derivatives gives:
Thus we can take the derivative of the norm squared of γ:
In conclusion the heat operator on |γ| 2 is bounded by:
Next we compute the heat operator on |∇γ| 2 starting with the time derivative of ∇ j γk. Suppose ∇ S is the covariant derivative on S. Then the time derivative of the connection is given by∇
Now, γk is a morphism from Q to S, thus to differentiate it we need the covariant derivative on Hom(Q, S). Taking the time derivative we see:
Combing this with (5.17) yields:
Now, we want to interchange the order of ∆ and ∇ j :
. Putting everything together we bound the time derivative in the following estimate:
Thus the heat operator is controlled by:
Next we turn to the curvature term |F S | 2 . Note that for any path of metrics h S (t), the time derivative of the curvature is given by
(for details see [16] The computation of the heat operator applied to |F Q | 2 follows in exactly the same fashion as for |F S | 2 above. Thus we conclude:
(5.21)
The Parabolic Moser Iteration
In this section, we prove a version of Moser's C 0 estimate for parabolic equations. When p ≥ 2, Theorem 3 is essentially the same as Theorem 2.1 in [18] , with some minor modifications for our setting. For p ∈ (0, 2) we adapt the standard argument from the elliptic case; see for instance [7] . We include the proof for the reader's convenience.
Theorem 3. Fix a point x 0 ∈ X\Z alg , and fix a compact set K ⊂ X\Z alg so that x ∈ K. Let 2R = dist(x 0 , ∂K). Suppose that u is a nonnegative Lipschitz function on X × [0, T ] satisfying
for a non-negative function Θ(x, t) ∈ L q (K), for some q ≫ n. Suppose moreover that there is a positive constant 0 < A < ∞ so that . Then we obtain
The remaining terms we treat as follows. for 0 < τ < T and 0 < R < dist(x 0 , Z alg ). Given 0 < R ′ < R < dist(x 0 , Z alg ) we define
